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LECTURE NOTES

16 Lecture 16 - Tangent plane review and min/max of functions with
several variables

16.1 Tangent plane revisited

Given a surface with equation F(x, y, z) = 0, think of x2 + y2

9 + z2

9 = 1 for example.

Question. Given a point P0(x0, y0, z0) (think of
⇣

1
3 , 2, 2

⌘
for example) that lies on the surface, find the

tangent plane to the surface at the point P0.

Note. To answer this question, we need to find a normal vector to the surface at P0.

Method 1.

1. Parametrize the surface by r(u, v).

2. Then solve for (u0, v0) that corresponds to P0(x0, y0, z0).

3. Compute the normal vector by n = ru ⇥ rv, let’s say it is (a, b, c).

4. The tangent plane is a(x � x0) + b(y � y0) + c(z � z0) = 0.

Method 2.

1. The normal is given by rF(x0, y0, z0) = (Fx, Fy, Fz) = (a, b, c).

2. The tangent plane is a(x � x0) + b(y � y0) + c(z � z0) = 0.

The second method is based on the fact that, if r(t) = (x(t), y(t), z(t)) is a curve in the surface passing
through P0, then

F(x(t), y(t), z(t)) = 0 =) d
dt

F(x(t), y(t), z(t)) = 0

Therefore
(Fx, Fy, Fz) · (x0(t), y0(t), z0(t)) = 0.

Here r0(t) = (x0(t), y0(t), z0(t)) is a tangent vector to the curve, thus belongs to the tangent plane at P0. In
other words, rF is the normal vector to the tangent plane at P0.

Proof using method 1. We can do 8
><

>:

x = sin f cos q
y
3 = sin f sin q
z
3 = cos f
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In other words,
r(f, q) = (sin f cos q, 3 sin f sin q, 3 cos f).

To solve for (f, q) at the point P0

⇣
1
3 , 2, 2

⌘
we solve

8
><

>:

sin f cos q = 1
3

sin f sin q = 2
3

cos f = 2
3

=)

8
>><

>>:

sin f =
p

5
3

cos q = 1p
5

sin q = 2p
5

We have
rf = (cos f cos q, 3 cos f sin q,�3 sin f)

rq = (� sin f sin q, 3 sin f cos q, 0)

We compute the normal vector

n =

������

i j k
cos f cos q 3 cos f sin q �3 sin f
� sin f sin q 3 sin f cos q 0

������
=
⇣

9 sin2 f cos q, 3 sin2 f sin q, 3 sin f cos f
⌘

=

 
9 ⇥ 5

9
⇥ 1p

5
, 3 ⇥ 5

9
⇥ 2p

5
, 3 ⇥

p
5

3
⇥ 2

3

!
=

 
p

5,
2
p

5
3

,
2
p

5
3

!
.

We can simplify by choosing

n =

✓
1,

2
3

,
2
2

◆

and the tangent plane at P
⇣

1
3 , 2, 2

⌘
is

✓
x � 1

3

◆
+

2
3
(y � 2) +

2
3
(z � 2) = 0.

Proof using method 2. We have

rF(x, y, z) =
✓

2x,
2y
9

,
2z
9

◆
=) n = rF

✓
1
3

, 2, 2
◆
=

✓
2
3

,
4
9

,
4
9

◆
.

We can choose the parallel vector

n =

✓
1,

2
3

,
2
3

◆

and thus at P
⇣

1
3 , 2, 2

⌘
we get the tangent plane

✓
x � 1

3

◆
+

2
3
(y � 2) +

2
3
(z � 2) = 0.

16.2 Critical points, local min, local max and saddle points
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