
MTH 234 Chapter 12 - Vectors and Geometry of Space

5 Equations of Lines and Planes (Part A)
5.1 Introduction to Lines inSpace - Video BeforeClass
Objective(s):

• Define lines in space several different ways and learn some basic terminology.

• Determine when lines are parallel.

• Determine when lines intersect or not.

MSU

Theorem 5.1. Vectors v and w areparallel if andonly if V=Kw

Alternatively if v = (U1,V2,V3) and w = (w1,W2,ws) then v and w are parallel if and only if

for some scalar k.

(4= kw
Or

Definition(s) 5.2.

(a) A vector equation for the line L through Poo, yo,zo) parallel tov is given by:

P)= % + tv

where ro is the position vector of Po-

(b) t iscalled the_parameter

(c) Alternatively if ro = (o, Y0,zo) and v= (a,b, c). wé can write a line in parametric equation
(«t).4+,2 4))

P) - (a.b,c) + t(*osgon?o)

direchon Mumbers of L.

-00< t< o

(d) a, b, and c are called

(e) Finally we can chose to solve each of the parametric equations for t to get the

of L given by:

-o0 <t< oo

directo vector

xil o

(Raranehie
faen)

b c
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MTH 234 Chapter 12 - Vectors and Geometry of Space MSU

Definition(s) 5.3.

(a) Suppose r(t) = To + tv and s(t) = s0 +tw intersect. Then the angle between them is the same as the angle between

Likewise r(t) and s(t) are parallel if and only if

(b) Lines that do not intersect and are not parallel are called skew

We don't really have skew lines in 2D though. Let's take a closer look at them here: https://tinyurl.con/mth234-002

Example 5.4. Considereach pair of lines. Determine if

(i) They intersect (by finding the point of intersection).

(ü) They don't intersect and are parallel.

(ii) They don't intersect and areskew.

(a) rı(t) = (3,1, 0) + t(2,0, 1) and ra(s) = (1, -2, 5) + s(-1,3, -2)

(2.0) is ot | (-L,3,"2)Rey ane not porallel shce

c321 4-s
•weect? (3+2t, , t) = (4-s,-2+55,5-2s)

At-3/2 has no solut

Cem t= S-2s→skow

3D

r)
Si+)
skew
r).c)

t 3

$1+4s - &-s (s-
9-105 =3+65 6 I55

t- 2s (4)-( 3+64)
z(t) =t+3,
z(s) =3- 25,

zt) =4
z(s) = -9L2: cant indersect

(b) rı(t) = (1+2#,9- 5t, t) andra(s) = (3-8,3+ 5s,26) hot prallel

1+2t = 3-s
9-5t3+ 5s

Here is One inderseehw :

v(t) =-2t-5,
vls) = 48,

: (3,-514)+t(4,-2,o)
Lz (3,0,-9)+s(-2,4,o)

(2,0) ) (-*,+,o)
paralel

(c) L1:
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5.2 Parametrizations, Line Segments, and More Examples During Class

Objective(s):
• Determine when two parametrizations describe the same line.

Create a way to parametrize a piece of a line.

• Gain more exposure to types of line problems that can beasked.

Example 5.5. One small annoyance with parametrizing lines is that the parametrization is not unique. Using a graphing

utility show that
Lị: =1+2t y =5–2t z=6t
Lg: z=3-s y=3+s z=6-3s

MSU

are the same line

Theorem 5.6. Two parametrizations r1(t) and r2(8) describe the same line if they are parallelare parallel
and giną throuloneconmowpout

Now let's use Theorem 5.6 to show that Lị and Lz describe the same line in Example 5.5.

Ly: (4,5,o) +t (2,-2, 6)
Lz: (3.3. 6) +s(-4,L, -)

(2,-2,6)-(-2 (4.1,-3)
theg ane paralel

teen fo S-2: Lz (2) = 4,5,0) e L,
lerefore hey ane Re sane lne

Theorem 5.7 (Equation of a line segment). The line segment from ro to rị is give by the vector equation

Ftt) = (4-t)+ tn 0sts1
Po

Example 5.8. Find an equation for the line segment from (1, 2,3) to (5,2, 0).

T4)- 4t)(4.2,3)+ t(s, 2.6)
= 4,2,3) + t( (52,o)- 2.3))
>(12,3) 1(4,0, -3)

(rRcall :

Po ,ř)

Page 26



MTH 234 Chapter 12- Vectorsand Geometry ofSpace MSU

Example 5.9.

(a) Find parametric equations of the line that passes through the points A(2, 3, 4) and B(1, 0,

F)- (4-t)(2.34) +t(4.0,-1)
- (2,3.4) + 4( (ao,-)- (7.3.4))
(2.3,4)+ t (-4,-3,-5)

(b) At what point does the line intersect the y-plane.

4-St-0 t
point of andersecton: F()-(2,3.4)--3,5)

-1).

Example 5.10. The lines rı(t) = (1+t,1-t,2t) and r2(s) = (2- s,$,2) intersectat (2,0,2).

Determine the angle between the lines.

)- (4,1,o)+t(4,-L,2)
G4)- (2.0,2) +s(-4,1,o),

Cos
4-)+ ().1 + 2. O

Jiat.Jito
-2
Jb.J2

-2

(4)
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5.3 Distance from a Point to a Line - During Class

Objective(s):

• Develop a formula to determine the distance from a point to a line.

• Utilize the newly developed formula to calculate the distance from a point to a line in space!

Now we have lines, we have points, lets talk about distance!

Here is a pretty picture

distance (0, (L)) = IPO|= ld)

MSU

orth (50)
tRus

IPo| sP|.s
s

Cprojeckon)

Projo (S)

SP xu

Theorem 5.11. The distance from a Point P to a line through S parallel to v is given by

| se xv

And this is a perfectly good Theorem but that triangle looks like something we have seen before when we were talking about

projections. So in fact...

Theorem 5.12. The distance from a Point P to a line through S parallel to v is given by
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Example 5.13. Find the distancebetween the point (0,1,0) and the line containing the points (1,1,0) and (2, -4, 1).

(a) By using Theorem 5.11

MSU

P (B,o) V= (2;4,)- (I,.0)
▼- (1,-s, )
S - (o,l)- (1,1.0) - (-1,0,0)

Jo+i4s
Jis6r

J26
J27

S
(lhlho)

K

-S 1

- (G, 4,s)
(b) By using Theorem 5.12

Pri;(s)- ()
(H,o.o). (-4,-5,)

lpoj(s?)|-

Rus

.

(3
26
-aj'2
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