MTH 234 Chapter 12 - Vectors and Geometry of Space MSU

4 The Cross Product

4.1 Review and Introduction of the Cross Product — Video Before Class

Objective(s):

e Define the cross product
e Review how to find determinants of 3x3 matrices.

e Use the cross product to find a vector that is perpendicular to two other vectors.

The goal of this class is given two non-zero non-parallel vectors a,b to be able to find a vector n that is

Den?ewc{icu\ar to both a and b.
] T

Definition(s) 4.1. The Cross Product of a = @i + azj + ask and b = byi + byj + b3k is given by the determinant:
1 J K =1 |Q 03 \ ) \
b, b ')\
axb= C(| GL qb ¢ b \ b
b\ bz bb + K \ b\ bZ
T ety T
Example 4.2. Evaluate (1,2,3) x (-2,1,0) —t—a ¥ -
i g.K 12 a 4 9
123 | =1 ! - \
=1 J -7 O -2 ‘ b \ B} b%
=2+ ). 0 (o2
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Theorem 4.3.

(a) The vector a x b is W! Pgﬂ[_l!'cular to both a and b.

(b) If 8 is the angle between a and b (so 0 < § < ), then
axb= |ol-1blend

=)
-)
(c) Two nonzero vectors a and b are [ZQ(Q Wel if and only if nwbey~ ( but & xb = WCW)

laxb|= O

Heart of the Proofs:

(a) Apply dot product with both a and b and see that they are (.

(b) Expand |a x b|? carefully and group cleverly to get |a x b|? = [|a||?||b]|? — (a - b)2.
(c) Comes from (b).

Example 4.4. Find a vector u that satisfies u-(9,3,1) =0 and u- (-2,4,0) =0

Ooose @ = (930) % (-2.4:0)

K , 93
= 1‘3 ) (') c ;li(')’ —J\iL\*K—ZA}

3
-2 4 _ (’4'-2)4’2)

Theorem 4.5 (Direction of the Cross Product). Take two non-zero
non-parallel vectors a, b. Then the direction of a X b is determined by
the righd -hoad - Hub-nle That is: the way your right thumb
points wl(ien your right-hand fingers curl through the angle 6 from a to b.
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4.2 Properties and Applications of the Cross Product — During Class

Objective(s):
o Determine and utilize properties of the cross product.
o Use the cross product to calculate areas of triangles and parallelograms.

o Apply the cross product to the physical application of torque.

Example 4.6. Find the cross product a x b and verify that it is orthogonal to both a = (1,1,—1) and b = (2,4, 6).

: ) K L~ A I
avh = - - - k
1 4 =4} - 46 J j , ¢ |* ) 4]
2 4 N— A~ b~/
= 10 § 2
- (10,-3,2)

(0;(@)»0, = OO;"Y;7_7'CI,I;-|) - w0-8-2=0
(axh). b (10, -8.2)-(24,6) = 20-32+12=0

1]

Theorem 4.7 (Properties of the Cross Product). Let a, b, ¢ 'be vectors and 7, s are scalars: |

(a) axb= =~ Cbxa> (d ax(b+c)= axb+axC
®) (ra) x (sb) = (rs) (axb)

(c) Oxa= 8\

(e) b+c)xa= bx4 1 exq

vector

Example 4.8. Given that (1,1,0) x (3,4,—-2) = (—2,2,1) quickly calculate the following:

(ﬂ') (3747_2) X (1,1,0) = (zy '2I.I>

(b) (4’4’0) X (3:47 _2) = (- Zlgl4’>
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Recall from geometry that a parallelogram with side lengths = and y with the angle 0 between its sides has area:
A = zysinf. Translated into MTH 234 notation:

Theorem 4.9. The parallelogram formed by vectors a and b with angle § between

them is given by: .- /

@115 |- 5n @ b/,

- —
Area of ||-ogram = ‘q?x b \

Example 4.10. Find the area of the parallelogram generated by u =1i—j and v = j + 3k.

w = (4,—1,0) Y= (O.Ir$>
4 i) K A0 (1o A -)
M”?:\'l"() :i\|b\~f\o'5\+K\o\
g 1 3%
= (3,-3,1)
—
e = | (3,-3,0] = J5astest =N

Example 4.11. Find the area of the triangle with vertices P(1,0,1),Q(-2,1,3), and R(4,2, 5).

(. 2 1y 5) (l)O \} ( 5= \)2) Q"‘C(—S"&,ﬂ
PQ- (4.2,8) - (l,o,\) = (2.2,4)
’i J K = ,) ‘ 1 2/ s _ J "Z) 2
=% | 2 & 4 32 4

s 24 < (0,8,79)
W‘Z\' o’ 187497 -

/\ 'Mac\ﬁ lQ

1 k
FPEQ?XPT&: {
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Example 4.12. Find two unit vectors orthogonal to both j — k and i + j. n = ((b, /f..,"i.)
¥ 7 K
go B E ) vV =
txo s | o 4y (4,1,0)
| 1 O ) C(e \r_
4-1_.\o—|‘ K‘O||_ P G 3
| O \) \ o T \ \ ( ’ ’ a{]
Two vectors arl ( N
A,-1,-! =
) =1 oxel (4,-L,-D

\IE) N 7

So our application to the real world of the day is Torque! Here is the picture

Recall from you favorite physics class that
Torque = (Force)(Distance from pivot).
So long as the force is being applied perpendicular to the distance

vector. But what if its not?

‘ —)
The magnitude of the torque vector is = x & \
\\é& W And what about direction? ql_( G/\C\ F >
Component of F N ol
perpendicular or. J The torque vector is of course given by: x F
Its length is |F]| sin é\ b ar '

.7 F

Example 4.13. Find the magnitude of the torque generated by force F at the pivot point A in the figure below

]FI-\r\.sne = leb‘xm(?O°>
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“Theotewr,

(&) —cz*-g;: - (T)’-a;)

G @) <) - @) (7~

(L) 8*2 = 67
(oD '5’><C6+2): E‘n—b’ :2 2&8
Q) (l_;;cj)ﬁz ~ @ﬁ?ﬁ + o X

Example 4.8. Given that {1,1,0) x (3,4, —2) = {—=2,2,1) quickly calculate the following:
— =
a o]

(a) (3,4,-2) x (1,1,0)

(b) (4,4,0) x (3,4,-2)
-~)
) Bx& = —a=B = -(-2210)= (2-2,1)

b> 4’2*—6’ - ('8;3/49

Ana of Aoasle Sppc = 4 M- BC - o)
S why ? At = ABouB
S%C= é AH‘%C
® H C “+Hug

BA = oC |
QA_&C: IB ke C’



