
MTH 234 Chapter12 -VectorsandGeometryofSpace

The Cross Product4

4.1 Review and Introduction of the Cross Product- Video BeforeClass

Objective(s):

• Define thecrossproduct

•Review how to fnd determinants of 3x3matrices.

. Use the cross product to find a vector that is perpendicular to two other vectors.

The goal of this class is given two non-zero non-parallel vectors a,b to be able to find a vector n that is

perpesdiuaar to both a and b.

Definition(s) 4.1. TheCrossProduct of a = jit agj + agkand b=bji+bzj +bgkisgivenby thedeterminant:
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Example 4.2. Evaluate(1, 2,3) x (-2,1,0)
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Theorem 4.3.

(a) The vector a x b is peupenckcalar to both a andb.

(b) If 0 is the anglebetweena and b (so 0 < 0<m), then

laxb|= Ja|-(b| sin

(c) Twononzerovectors a and b are paralel_if and only if

laxbl= O

naber (bet axb = ecfor)

Heart of the Proofs:

(a) Apply dot product with both a and b andsee that they are 0.

(b) Expand ja x b/ carefullyandgroupcleverlyto get la x b/= la||b|² - (a-b)².

(c) Comes from (b).

Example 4.4. Find

Caoose

avector u thatsatisfiesu (9,3,1) =0 andu (-2,4,0)=0

(93) x(-2,+1o)
K

3
-2 4 O

- (-4,2,42)

Theorem 4.5 (Direction of the Cross Product). Take tw0 non-zero

non-parallel vectorS a, b. Then the direction of axb is determinedby

the riglat-hond- taub-nale That is: the way your right thumb

points when your right-hand fingers curl through theangle froma to b.
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4.2 Properties and Applications of the Cross Product - During Class

Objective(s):
• Determine and utilize properties of the crossproduct.

Use the cross product to calculate areas of triangles and parallelograms.

• Apply the cross product to the physical application of torque.

Example 4.6. Find thecrossproduct a xb and verify that it is orthogonal to both a= (1,1, -1) and b = (2,4,6).
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(40, -8,2)

(anb)a = (i0,-8,2)•(l.J,-) = l0-8-2 = O
(axb). b = (0, -8.2).( L4,6) 20-32 +l2 = O

Theorem 4.7 (Properties of the Cross Product). Let a, b, cbe vectors and , s arescalars:

- Coxa)(a)ax b=

) (ra)x(ab)=- (s) (oxh)
(c) 0 xa=

vector

Example 4.8. Given that (1, 1,0) x (3,4, -2) = (-2,2, 1) quickly calculate the following:

(2) (3,4, -2) x (1, 1,0) = (a,-21)

(b) (4,4, 0) >x (3,4, -2) (-8.8.4)
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(a) a x (b+c) = axb + axc

(e) (b + c) x a = bx4 4 Cxa
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Recall from geometry that a parallelogram with side lengths z and y with the angle 0 between its sides

A = y sin0. Translated into MTH 234notation:

Theorem 4.9. The parallelogram formed by vectors a and b with angle

them is given by:

Area of |-ogram

MSU

has area:

between

|ax6] =

Example 4.10. Find theareaof theparallelogramgeneratedby u=i-j and v =j +3k.

- (4,-1,o) U= (o,1,3)

|-1 +*|7
(3,-3,1)

-I

19anla =

Example 4.11. Find the area of the triangle with vertices P(1,0, 1), Q(-2,1,3), and R(4,2,5).

P = (-2, 1,3)-(),o.) = (3.,2)
P- (+1z5) (I9,)= (3.2,4)
Po xPR J

2
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4

Area o+18492
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Example 4.12. Find two unitvectorsorthogonalto both j- k and i+j.
K

u= (o,4,-1)
V (4,I, o)

- i|1-i|°J|:|°|- (4)haguihde5
two vectors ane 4,-,-) Gncl

So our application to the real world of the day is Torque! Here is the picture

Torque,

(ai,-D

Recall from you favorite physics class that

Torque = (Force)(Distance from pivot).

So long as the force is being applied perpendicular to the distance

vector. But what if its not?

The magnitude of the torque vector is = IF×F)
Andwhataboutdirection? Land)
The torque vector is of course given by:

MSU

Component of F
perpendiculartor.
Its length is (F| sin 8.

Example 4.13. Find the magnitude of the torque generated by force F at the pivot point A in the figure below

------5 ft------ B tt
m (70°)

110°

F= 10b
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Iheotew

(a) B:- (Ba)

(()()
B+d)kd(e)

Example 4.8. Given that (1,1,0) x (3,4, -2) =(-2,2, 1) quickly calenlate the following:

(a) (3,4, -2) x (1, 1,0)

(b) (4,4,0) x (3,4,-2) uha
a) &*B- -(-2,2,1)= (2-2,1)2

42:8 - (-8,3,4)

Aea o Aianşle
AAC)

AEC * AB. BC. Snb)

Sec AH.BC2
= AB.Bea


