
MTH 234 Chapter12 -VectorsandGeometryofSpace

1 Three Dimensional Coordinate System

1.1 Spaceand Points in Space - Video Before Class

Objective(s):

• Upgrade from two dimensional system to a three dimension system.

• Comprehend and be able to visualize our three dimensional system.

• Plot points inspace.

a pont P o)
theprjzcho xy-plane

(set 2= o)
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tsorclnats o)
ordsred digple

Definition(s) 1.1.

Conduakaycka consistof the X-avs u-axs_jand 7-@XS . Whichall met ata
common point and are perpendicular to one another.

(a) The

oricán
isdeterminedbythe glat hoad- taungh ale(c) Thedirectionof the2avK

(b) The common meeting point of the coordinate axes is called the

K

(a) The three coordinate axes determine three

Xax y axs_andsoon.
planes

(e) Thecoordinateplanesdividespace intoYregions called octant,

() The
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Just as points in a plane are determined by an (,y) ordered pair, points in space are determined by an (2,y, z) ordered

y-coordinate, and 3 is the z-coordinate.triple. If the point P is determined by (1,2, 3) then 1 is the z-coordinate, 2 is the

Example 1.2. Graph P(1, -2,3) on the coordinate axes below.

MSU

-
Although it is not obvious right now we will become very interested in projections.

Example 1.3. Below the point P(2,4,3) is graphed. Graph the projections into the zy-plane (call it Q), the tzplane (call

it R), and the yz-plane (call it S) then write the coordinates for each of the projections.

Q(24,0)In *y-plane:
Ih x*-plaae: R (2.0,3)
Tu y7- plant : S (o,413)S

R p

y

Deinition(s) 1.4. The Cartesian product

set of allorderedtriples of realnumbersand isdenoted by R, It is called a

(anonia coordinate system.
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1.2 Surfaces in Space - During Class

Objective(s):

Sketch simple surfaces in space.

• Determine when a point lies on a specified surface.

Now that we can draw points let's draw lots of them! So many that we start making some surfaces. To help us upgrade let's

start by thinking about what it takes for a point to be on a surface... or a curve in R,

Example 1.5.

(a) Determine if the point (1,4) is on the line z - 4y =1

Claeck 4-4.4
-IS

(b) Determine if the point (1, 4, 2) is on the plane z - 4y + 8z = 1

MSỰ

No

4-4.4+8.2 = l

(c) Determine if the point (1, -3,0) is on the surface zyz + z²=y

4-(-3)-0 + ,2 = -3

Example 1.6.

(a) Graph the equation y = 1 on the zy-plane. Describe it in words as best as posible.

Becollectowo all pouk kaung
coordnates )

heplae Oxg- tafled to te nglt

(b) Graph the equation y = 1 in R'. Describe it in words as best as possible.
by 4 nit

collectonoj allport (x.), xeR
or ecollectov all pots
haug clatanGeX
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Example 1.7.

(a) Graph the equation z² +y =4 in the zy-plane. Describe it in words asbest aspossible.

Aecolecbaq al pats hay dstne to ee
oleco oigin = 2

(b) Graph the equation z + y =4 in R'. Describe it in wordsasbest aspossible.

MƯSSI{ 2-ajialde

aKS

(acydhsdar)

sliffalod as

2

(c) Graph the equation z =y² in R°. Describe it in words as best as possible.

jt=

Eouations like these that aremissinga variable are quite nice and will get a special name in 12.6. They will continue to come

up throughout the course
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1.3 Spheres in Space- During Class

Objective(s):
• Extend our well known distance equation from 2 variables to 3 variables.

• Draw a sphere in space.

• Be able to describe a sphere given its equation.

There will be several times in this course where we can upgrade from a well known 2 dimensional equation system by

"sprinkling in some z's". This is indeed one of those times

Definition(s) 1.8. The distance

|PP|=

between the points P(1, y1,21) and P(12,y2, 2) is given by:

MSU

Example 1.9. Calculate the distance between (1,2,3) and (3,-1,0).

|a-3)' (2-))"+ (3-0)
J4+9+9 J22

And with 3 dimensional distance we can define the set of all points equidistant from a center point (aka a

Definition(s) 1.10. An equation of a sphene with center C(h, k,l) and radius r is:

G-hš+(y-k)'+ (2-2)=

Example 1.11 (Now you try! WW 12.1.3). Find an equation of a sphere with radius 2 centered at the point (1, -2,3).

) y+2)+(e-) 4

This type of problem is relatively straight forward but we can turn it around to make a harder problem.

Page 6



MTH 234 Chapter 12 - Vectors and Geometry of Space

Example 1.12. Describe thesurfaCea? +y +?=l in wordsas best aspossible.

cllecten o all poink mip hang cataue 4 to the origin

MSU

Example 1.13. Describe thesurface a?- 2r +y² ++4z = 4 in wordsasbestaspossible.

Condelele sqare
a' labb -aib)
a'-2ab b: (a-b)
(*-2x+ 4) + () + t2 t4) -

(a2) 82+

cenkr: (4,0, -2)
racns: S

Hecollecheng all fonts R'mug shue 3 o tte poiat
(4,0,-2)

We will always try to get as far as possible in class. Completed notes will be available on the course site for the "During
Class" portions of the notes. The flled in video notes are available in the video!
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2 Vectors

2.1 Basic Properties of Vectors - Video BeforeClass

Objective(s):

• Comprehend what vectors are from their definitions and pictures.

• Defîne and determine the length of a vector.

• Define what it means for two vectors to be equal.

Definition(s) 2.1.

(a) A _Meutor is used to indicate a quantity that has both and

?(such as velity
(b) Suppose a particle moves along a line segment form point A to point B. The corresponding

Vechy has stakhiy att A(thetail)and
Hae eadinG Qont B (the tip). Weindicatethisvectorbywriting v = AB.

(c) Its lengtu isdenoted|AB|.

(a) If A = (z1,1) and B = (T2,y2) then:

dircchan

A

IAb):J(orj. (qt(er)(b) If A = (1, 91,21) and B = (r2, y2,z2) then:

(a) Two vectors are considered equal if

they have the same

Picture:

Aeaske end direchor

có - AB Snce he have
Hee cane

and direchon

A
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Now since vectors are considered equal so long as the same direction and length (or magnitude) we might as well move one of

the points to be in a convenient location. In particular let's move the initial point to the

Definition(s) 2.2.

(a) If a is a two-dimensional vector with initial point at the origin and terminal point P(a1, a2) then

a= 0= (a1,a2)isthe srzlinake of P.

(b) If a is a three-dimensional vector with initial point at the origin and terminal point P(a1, a2,a3) then

a= 0ř = (a1,a2,43) is the

Example 2.3.

In each case find a position vector a so that a= AB. Graph both on the coordinate axes to verify that they are equal.

A(1,2), B(-1,0)
a= (

A

A(2, 1,0), B(-1,2, -3)

a=(3,-l,3)
A(-1,4,-5), B(0,0,0)

- H,4,-s)

caordinae of P.

p k2,-2)

(0 (o.0)) takeBoA
AB (-i.o)- (1.2)

co
= (-1,-)

Defânition(s) 2.4. The nozu Maatitaco

(a) If a=(a1,a2)thenJaļ=Jal = at4

(b) If a = (a1,ag,ag) then lal = Ja|| =

we klk abontAb ske (-2,-2) nly

of aisdenotedby lal or lall is given by:
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2.2 Basic Vector Operations Video After Class
Objective(s):

• Define vector addition and scalar multiplication and be able to visualize their actions.

• Develop some properties of vector addition and scalar multiplication.

• Get exposure to types of problems that can be asked regarding vector addition and scalar multiplication.

Now that we have these new mathematical objects we want to know how they interact with each other and real numbers

(alsocalledScala ).

Definition(s) 2.5. Let a = (a1, a2, ag) and b = (b1,b2,b3) be vectors and c be a scalar. Then:

(atby,dy tbz, Gytb)a+b=

ca= (ca, ca, caz)

Similarly for 2 dimensional vectors (or really any dimension we want).

Geometrically vector addition is very elegant: Scalar multiplication acts as expected:

2

MSU

Example 2.6. Consider the vectors a = (1,3) and b= (-3,2).

(a) Evaluate a + b

atb - (2,5)

(b) Evaluate -3a + 2b

-3(1,3)+2(-3,2) - (-9,6)

(c) Sketcha, b, a +b, and a -b on the graph to the right
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Now lets see how magnitude is influenced by scalar multiplication:

Theorem 2.7. le-al = Jel. llall

MSU

Proof:

le-al = |(ca1,cag,cas)l

=Veai+ az+caz
- Ve(af+ał+oĝ)
-ldyat+o+
- le|·|la||

Definition(s) 2.8. A vector a is called a unit vector if it has m

Example 2.9. Find a unit vector in the same direction as a = (1, 2,3).

(L,2,3)
a
ilal

Example 2.10. Find a vector of length 3 in the direction opposite of a = (-2,4, 1).

3 (-2,4)
3.4

Theorem 2.11. Suppose that a 0, then:
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Theorem 2.12 (Properties of Vector Operations).

Let a, b, c be vectors and c, d be scalars:

MSU

(a) a+b=b+a

(b) a+0 =a

(c)Oa =0

(a) c(da) = (od)a

(e) (c+ d)a = ca + da

(E) (a + b) + c = a t (b +c)

(g) a +(-a) =0

(h) la =a

(i) c(a+ b) = ca + cb

Deânition(s) 2.13. The_sercdascl

:(ho.o)
Note: The standard base vectors are all mited fos

Any vector a= (a1,a2, a3) can be written as a linear combination of the standard unit vectors

a = (aj, ag, a3)

(a1,0,0) + (0, az, 0) + (0,0, a3)=

= a1(1,0, 0) + az(0, 1, 0) + as(0,0, 1)

aji t azj+a3k

Therefore we call aj the i-component of the vector a, a2 the j-component of the vector a, and ag the k-comnponent of

the vector a.

Example 2.14. Write the following vectors as a linear combination of the standard unit vectors

(a) a = (5,2, -4) 5 +2j - 4k

(b) b= (0,7,100)

uatt vectors are:

R:(o,0,)

=
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