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We made a typo in the statement of [1, Lemma 18], which led to the lower rate O(ε1/p) as recorded in [1,

Corollary 3]. The corrected version yields a better rate O
(
ε1/(p−

1
2 )
)
. The proof in [1, Lemma 18] was

written for the corrected version.

The correct statement is ‖fκ − f‖L∞(Ω) 6 Cκ2, not ‖fκ − f‖L∞(Ω) 6 Cκ as stated in [1, Lemma 18].

Lemma 18. Assume f ∈ C2(Ω) such that f = 0 and Df = 0 on ∂Ω. For all κ > 0 small enough, there exists

fκ ∈ C2c(Ω) such that

‖fκ − f‖L∞(Ω) 6 Cκ
2 and ‖D2fκ‖L∞(Ω) 6 C

where C is independent of κ.

Later, in Corollary 3, the use of the incorrect statement led to a slower rate O(ε1/p). Here, we correct it and

provide the improved rate that Corollary 3 should have obtained.

Proof of Corollary 3. Let uεκ ∈ C2(Ω) ∩ C(Ω) be the solution to (PDEε) and uk be the solution to (PDE0)

with f replaced by fk, respectively. It is clear that

0 6 uε(x) − uεκ(x) 6 Cκ
2 for x ∈ Ω

and

0 6 u(x) − uκ(x) 6 Cκ
2 for x ∈ Ω.

Therefore,

uε(x) − u(x) 6 2Cκ2 +
(
uεκ(x) − uκ(x)

)
. (57)

By Theorem 2 and Remark 8, as fκ ∈ C2c(Ω) with a uniform bound on D2fκ, we have

uεκ(x) − uκ(x) 6
νCαε

α+1

d(x)α
+ C

(( ε
κ

)α+1
+
( ε
κ

)α+2)
+ 4nCε, p < 2,

uεκ(x) − uκ(x) 6 νε log

(
1

d(x)

)
+ C

(( ε
κ

)
+
( ε
κ

)2)
+ 4nCε, p = 2

for some constant C independent of κ. Choose κ = εγ with γ ∈ (0, 1). Then (57) becomes

uε(x) − u(x) 6 Cε2γ + Cε+
Cεα+1

d(x)α
+ Cε(1−γ)(α+1), p < 2,

uε(x) − u(x) 6 Cε2γ + Cε+ Cε| logd(x)|+ Cε1−γ, p = 2.

If p = 2, the optimal choice of γ is given by 2γ = 1 − γ, i.e., γ = 1
3
, which yields a rate of O(ε2/3), an

improvement over the O(
√
ε) estimate in Theorem 1.

If p < 2, by setting 2γ = (1− γ)(α+ 1), we can get the best value of γ, that is, γ = α+1
α+3 , and we obtain an

improved estimate of O
(
ε
2(α+1)
α+3

)
, noting that 2(α+1)

α+3 = 1
p−1/2 >

1
p
> 1
2
.
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